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The effect of stoichiometry on nonisothermal gaseous bulk-phase reactions in
porous catalyst particles has been treated. The results show that for exothermic
reactions volume changes during reaction give effectiveness factors which may
differ greatly from those predicted by constant volume theory. Endothermic re-
actions are relatively insensitive to reaction stoichiometry. The triple solutions
noted by Weisz and Hicks are also significantly affected by a change in the

number of moles during reaction.

INTRODUCTION

A most useful tool in analyzing the be-
havior of chemical reactions within porous
catalyst particles has been the concept of
the effectiveness factor. In essence this factor
represents the ratio of the actual reaction
rate to the intrinsic reaction rate if the
reactant concentration throughout the cata-
lyst particle is identical to the surface
concentration. Damkahler (1), Thiele (2),
and Zeldovich (3) were the first to recog-
nize and mathematically formulate the effect
of transport phenomena on modifying gas-
phase reactions in porous catalyst particles.
Wheeler (4) and Weisz (4, 6, 8) have made
many contributions in extending this early
work. Wei (78, 19) has extended the general
analysis of first order systems by Wei and
Prater (20), to account for intraparticle
diffusion.

Prater (9) has studied the problem of
temperature increases in porous catalysts
and has shown that the Damkéhler relation-
ship is valid for any geometry or reaction
order.

Weisz and Hicks (10) have investigated
the effect of both heat and mass transfer on
nonisothermal reactions in porous catalyst
particles. They showed that exothermic
reactions can lead to effectiveness factors
much greater than 1. Weekman and Gorring
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(11) treated the effect of volume change on
isothermal reactions in porous catalyst
particles. This work defined the maximum
effect of volume change due to reaction in
terms of a volume-change modulus and the
Thiele modulus. Hawthorne (12) studied
volume change with nonisothermal reaction,
but presented only a limited range of results.

The present work treats volume-change
reactions with gaseous bulk diffusion in
nonisothermal catalyst particles over a wide
range of conditions.

NOMENCLATURE

A Chemical species, A

a  Constant used in transform, r = az

B Chemical species, B

Ca Concentration of A (gm moles/cm?)

C4° Concentration of A at surface tem-
perature (g moles/cm?)

C, Molar heat capacity [(cal/g mole)
(O]

D, Bulk effective diffusivity of A (cm?/
sec)

D.* Bulk effective diffusivity of A at sur-
face temperature (cm?/sec)

k  Reaction velocity constant (sec)

ko Reaction velocity constant at surface
temperature (sec™)

m  Stoichiometric  coefficient, A —
(1+m)B
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P Transform P = dy/dr

@ Activation energy (cal/g mole)

qa  Molar flux of A [g moles/(cm?) (sec)]

R Gas constant [cal/(g mole) (°K)]

r  Dimensionless radius of sphere or
depth in flat plate, &/ &

T Temperature (°K or °C)

Ty Surface temperature (°K or °C)

za Mole fraction of A

Mole fraction of A external to catalyst

particle

y  Dimensionless mole fraction, za/xa®

z  Transform variable, r = az

Greek Symbols

8  Ratio of heat release to heat transport
modulus, D.CAAH /AT,

Bs B evaluated at T

vo Arrhenius group, Q/RT,

AH Heat of reaction (cal/g mole)

¢ Dimensionless temperature (T/T)

n  Effectiveness factor, Eqs. (11), (15),
(17)

6  Volume-change modulus, z.%n

A Thermal conductivity of catalyst
(cal/(sec) (ecm) °C)

¢ Radial position in sphere or depth in
flat plate (cm)

% Radius of sphere or depth of flat
plate (em)

¢o Diffusional-kinetic modulus (Thiele),
£ V'ho/D.”

@  Cross-sectional area (cm?)

DuVELOPMENT OF EQUATIONS

In the derivation of the defining equations
it is assumed that surface diffusion, thermal
diffusion, adsorption kinetics and equilibria,
and external mass transfer resistance are
absent. The diffusivity of any inert diluent
in the feed is assumed to be the same with
respect to both reactant A and product B.
Thus a single diffusion coefficient, D,, is
assumed to apply in the catalyst pores.

As derived previously (11), the flux of
reactant A in any pore, under bulk diffusion
conditions, is as follows:

DeCA(dy/dg)
T+ o) W

The volume-change modulus, 6 = z,%n,
is composed of an “‘expansion” factor, m,

qa = —

multiplied by a “dilution factor,” z4° which
together give a measure of the net ‘“in-
tensity” of the volume-change effect. The
factor m is defined by the stoichiometric
equation for A reacting to give B as follows:

A— {10+ mB

The ratio of the mole fraction of reactant
A at any radial position to the surface mole
fraction of A is given by y. For nonisothermal
reactions the flux of A becomes (13)

_ D2C,%(dy/ag)
= 1+ oy) @

In the above expression it is assumed
that ideal bulk diffusion prevails (ie.,
D, = D¢, where ¢ =1T/T,) and the
gases are ideal (i.e., Cy = CA%¢). For a first
order reaction, a simple material balance
on a differential catalyst element yields the
following expression:

d(gaQ)/dt = — QCA ky/¢ (3)

Assuming an Arrhenius relation, the above
equation becomes for spheres

d(&qs) _ _ ECa%koexp [vo§ — 1)/¢] @
3 ¢

Introducing the Thiele modulus, ¢y, and
normalizing the radius gives the desired form

o) /,
1+ oy)
_ ey exp [yl — 1)/¢]
= r (5)

The dimensionless temperature, ¢, may be
related to dimensionless reactant concentra-
tion, ¥, by a Damkéhler’s relation. Thus for
the steady state at any spherieal shell, the
heat released by reaction must equal the
heat being conducted away.

qa(AH) = ATo(d¢/dE). (6)
Substitution of Eq. (1) into Eq. (6) gives
dy/(1 + 0y) = —di/B )

where
B = D.CAAH/\T,

The dimensionless group 8 will be some
function of the dimensionless temperature
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&, depending upon which catalysts and
reactants are used. If the effect of tempera~
ture on the heat of reaction and on the
catalyst thermal conductivity tend to cancel
each other, or if they are negligible, then for
bulk diffusion, 8 becomes

B = Bogt2 &)

Substituting Eq. (8) into Eq. (7) and
solving with the appropriate boundary con-
ditions (y = 1, { = 1), leads to the following
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relation:
2
1+ 02/]

Substitution of this expression into Iq.
(6) followed by differentiation gives the
desired form of the equation describing heat
and mass transfer within a sphere.

Bo

[

&y [a + (ﬁo/zrm)] (@)2 129y
dr® 140y dr rdr
_ ooyl + 8y) exp [vo(§ — 1)/¢]

o (10)

The appropriate boundary conditions are
(a) dy/dr = 0, r=20
b)y=1, r=1

Knowing the concentration gradient at

the surface, one can_readily calculate the
effectiveness factor

= 4rEiales = 3(dy/dr)e=1 (11)
18k Ca®  @o’(1 4 6)

The concentration gradient at r = 1 is

VERN W. WEEKMAN, JR.

obtained from the numerical solution of
Eq. (10) described in a later section.

For isothermal, constant-volume reactions
(i.e., # = 0, 8 = 0), Eq. (10) reduces exactly
to that of Thiele (2). For isothermal reac-
tions with volume expansion (ie., 6 =0,
B8 =0) Eq. (10) reduces exactly to that of
Weekman and Gorring (11). For noniso-
thermal reactions without volume expansion
(e, 0 =0, 8=0), Eq. (10) reduces ap-
proximately to that given by Weisz and
Hicks (10). The difference may be attributed
to the fact that the latter authors treated
the reactant flux, ¢a [Eq. (2)] as independent
of temperature. To determine the sensitivity
of the analysis to the dependence of 8 and
the reactant flux on temperature, the follow-
ing cases were analyzed:

1. B = By
2. 8= 0

3. B = B2
4. 8= B

Figure 1 compares the above examples
with the work of Weisz and Hicks. Appendix
I lists the appropriate equations for these
cases. The greatest differences are noted at
the highest values of 4 and are of secondary
importance for By < 0.4 and v, < 20. In
fact, Case 3 is very close to the results of
Weisz and Hicks. In all the work to follow,
the third case, ie., 8 = Bo¢"?, was used
because it will be typical of many reacting
systems. For high values of 8 and « the
dependence of 8 on temperature may have
significant effects on 5, and caution is ad-
vised in these areas.

CASE 4
10k /= =
F 3 7, = 20 3
r 2 o e 7
» L | A =04 :
[ 8 =00
"O; CASES LISTED IN APPENDIX | E
F CASE 0 WEISZ & HICKS [i0] 3
T casEt B = B.L7'* CASE 7]
L CcASE2 g = 4, 4 ]
= 12 /3
| CASE3 8 = 4,¢ o
CASE4 B =g ¢t /2|
Q.1 a3 L i1 e Voot L
0.1 1.0 10 100
¢

o

Fic. 1. Effect of temperature on the heat release to heat transport modulus 8.
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Errscr or VoLuME CHANGE

Solution of Eq. (10) with Eq. (9) for
various degrees of volume expansion is
plotted on Fig. 2 and reveals the important
result that volume change has a profound
effect on exothermic reactions in porous
catalysts. For exothermic reactions volume
contraction causes large tncreases in catalyst
effectiveness, and volume expansion greatly
reduces it, relative to the effectiveness of the
catalyst obtained from the constant volume
solutions at the same diffusional-kinetic
modulus, .

Figure 3 shows that for endothermic reac-
tions volume change has much less effect.
This is primarily due to the self-quenching
effect of endothermic reactions. Thus, vol-
ume contraction (less resistance to diffu-
sion) causes a greater temperature gradient
but little change in the average reaction
rate. With volume expansion, less react-
ant can penetrate into the bead, resulting
in a reduced temperature gradient. Thus,
with both volume expansions and contrac-
tions during endothermic reactions, there
are compensating effects which result in
only small changes in catalyst effectiveness.

Figures 4-12 show the effect of volume
expansion for various values of the volume-
expansion modulus 6 and the dimensionless
groups v and Bo. For exothermic reactions
(i.e., Bo > 0) the multiple solutions, first
noted and explained by Weisz and Hicks
(10), are also observed with volume-expansion
and contraction effects. The present results
agree very closely with those obtained for
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F1e. 2. Effect of volume change on an exo-
thermic reaction in a porous catalyst particle.

the limited range of parameters investigated
by Hawthorne (72) {for nonisothermal,
volume-change reactions. For certain ranges
of vo and By, volume expansion causes only
a single solution to appear, whereas the
constant-volume case (6 = 0) gives multiple
solutions. Inspection of Figs. 4 and 6 reveals
this effect.

Volume contraction can cause a multiple
solution to appear where none was observed
for no molar change. By contrasting Figs. 6
and 8 one can see that for § = 0 triple solu-
tions appear when v¢8¢ > 6 while for § =
—0.75 triple solutions appear for yo8 > 3.
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Fia. 3. Effect of volume
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change on an endothermic reaction in a porous catalyst particle.
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Fies. 4 anp 5. Effectiveness of porous catalyst
particles with nonisothermal volume-expansion
reactions.

With volume expansion the effectiveness
factor for an exothermic reaction may be
suppressed so that for all values of reaction
modulus ¢, no effectiveness factors greater
than unity are observed. Figure 4 provides
an example of this phenomenon.

Thus, volume change can have a profound
effect on exothermic reactions in porous
catalyst particles operated in the bulk-diffu-
sion region when compared to constant-
volume theory for the same diffusional-
kinetic modulus. As an example, we may
speculate that gas-phase hydrogenation
reactions in porous catalysts operating in
the bulk diffusion region may exhibit large
increases in catalyst effectiveness. The high
heats of reaction and substantial volume
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Fia. 7. Effectiveness of porous catalyst particles
for nonisothermal volume-contraction reactions.

contraction effects common to hydrogena-
tion reactions all tend to increase the effec-
tiveness above that predicted by isothermal
constant-volume theory. The multiple solu-
tion effect may be the cause of the instability
and sensitivity of hydrogenation reactions
in certain operating regions. As pointed out
by Weisz and Hicks (70), the steady state
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Fic. 8. Effectiveness of porous catalyst par-
ticles for nonisothermal volume-contraction re-
actions.
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F1a. 9. Effectiveness of porous catalyst particles
with nonisothermal volume-expansion reactions.
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operating point may depend on the condi-
tions from which the steady state is ap-
proached. The present analysis shows that
with volume contraction these effects may
even be more pronounced, although volume
expansion will tend to minimize them.

MaxiMmuM TEMPERATURE RISE

The maximum temperature in a catalyst
bead will occur when the reactant is ex-
hausted (i.e., y = 0). Under these conditions
Eq. (9) becomes
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Fie. 10. Effectiveness of porous catalyst par-
ticles for nonisothermal volume-contraction re-
actions.
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Fig. 11. Effectiveness of porous catalyst par-
ticles with nonisothermal volume-expansion re-
actions,

fmex = [1 4 (60/20) In (1 + O)P (12)

As the volume-expansion effect gets larger
and larger, the ratio of maximum internal
temperature to surface temperature, {mas,
approaches 1. However, as the volume-con-
traction effect, tends toward the maximum, as
6 approaches —1, the maximum tempera-
ture becomes very large.
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Thus for exothermic reactions, with large
volume-contraction effects, very large tem-
perature increases are possible. For example,
a 4 to 1 contraction with 8y = 0.5 could lead
to a maximum temperature greater by a
factor of 2.1 than the surface temperature.

AsymMpTOTIC SOLUTIONS

With exothermic reactions the reactant
concentration approaches zero at small
values of ¢ For example, for v, = 20,
Bo = 0.6, and § = —0.75 the dimensionless
reactant concentration was only 1073 at
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Fig, 14, Flate Plate Solution.

@o = 0.5. Since the numerical integration
methods require a finite concentration to
begin a marching solution, calculation of 5
for higher values of ¢, is extremely difficult
by conventional means. Weisz and Hicks
(10) employed extrapolation techniques to
obtain values of 4 at values of ¢y for which
virtual reactant exhaustion oceurs.

By employing an asymptotic solution,
previously developed by Weekman and Gor-
ring (11), it was possible to obtain values of
7, at arbitrarily large values of @, to a high
degree of accuracy. When the center con-
centration is essentially zero, (i.e., @0 > 10)

o ASYMPTOTIC E
£ .~ SOLUTION 7, = 20 ]
C EQN. (14,15) B = 0.4 7
n T /j 8 = 1.0 ¥
1.0 .
E NUMERICAL N ]
[ SOLUTION, EQN. (10, 11) .
0.1 [ S NN bl Lo N I
0.1 1.0 10 100

F1a0. 13. Comparison of asymptotic and numerical solution.
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most of the reaction will be taking place in
a small shell at the surface (74). This region
may be well defined by the flat plate equiva-
lent of Eq. (10) given as Eq. (13)

&y [e + (Bo/2r1/2)] (@)2

dr? 140y dr
_ ooyl + 6y) exp [vo§ — 1)/§]
- RE

On making the transformation P = dy/dr,
Eq. (13) becomes

ar* 9+ (60/25“”2)]
" [ T+oy |7
_ 2¢dy(1 + 8y) exp [vol§ — 1)/{]
- {3/2

Employing Eq. (9), Eq. (14) was solved
by a fourth order Runga-Kutta-Gill integra-
tion technique. The appropriate boundary
condition is ¥y = 0, P = 0. The integration
proceeds to y = 1, and the effectiveness
factor is then computed as follows:

1 = 3Py=n/led?(1 + 6)] (15)

Figure 13 shows the convergence of Eq. (10)
to the asymptotic solution of Eq. (14). All
values of 5 for high values of ¢, were deter-
mined by this asymptotic solution approach.

(13)

(19

NUMERICAL SOLUTION

The split boundary value problem pre-
sented by Eq. (10) can be transformed to
an initial value problem by the transforma-
tion 7 = az. This transformation was sug-
gested by J. Wel of this Laboratory and has
also been employed by Weisz and Hicks (10).
Under this transformation Eq. (10) becomes

dy _ [o + G| (e@) +29

de? 1+ 6y dz 2 dz

_ @edy(l + 6y) exp [vo(§ — 1)/¢]
§—3/2

A fourth order Runga-Kutta-Gill integra-
tion technique (75) was used to solve this
initial value problem. Given an assumed
value for age and (0), the integration pro-
ceeded to y = 1. Using the value of z at
y=1 and knowing r =1 at y = 1, the
value of a and ¢y could then be caleulated.
The effectiveness factor under this trans-

(16)

formation then becomes

T (L F 6)

By employing Eq. (10) in the form used
by Weisz and Hicks (10), the present com-
puter program checked their results to 1
part in 10° (6). On an IBM 7040 computer
an entire figure, such as Fig. 5, could be
computed in approximately 10-15 min,
Typical step sizes ranged from 1/250 to
1/1000 based on the normalized radius r.

The asymptotic solutions were also com-
puted by the same fourth order Runga-
Kutta-Gill method and the step size was
1/512 based on the normalized concentra-
tion y. In all cases increased step sizes had
no effect on the accuracy or stability of the
solution.

an

INTERPOLATIONS AND EXTRAPOLATIONS

Carberry (17) reported nonisothermal ef-
fectiveness factors in terms of the diffusional-
kinetic modulus, and the product vBe.
Inspection of the results of Weisz and Hicks
(10) reveals that ¢80 parameter is fairly
adequate when the diffusional-kinetic modu-
lus ¢ is not in the triple solution region, and
Bo < 0.2. From Egs. (9) and (10) we see that
while the product v¢80 appears in the ex-
ponential term, B, also appears separately.
Thus, presenting the calculations based on
the product v¢80 has validity only when v¢8q
dominates the solution.

Equation (9) reveals that as 8, approaches
zero and becomes negative or as 8 gets large,
the dimensionless temperature ratio becomes
less dependent on 8y and the v48, term will be
Increasingly important. Conversely, as 6
approaches —1, the value of 8y becomes
increasingly important, and, under this
condition, characterizing the solution of
Eq. (10) by only v¢Bo can be expected to
give large errors. A study of the numerical
solutions of Eq. (10) confirms these observa-
tions. Thus Table 1 reveals that for exo-
thermic reactions, characterizing the solution
with only the v8, parameter leads to large
errors for volume-contraction reactions, but
gives a reasonable characterization of vol-
ume-expansion reactions, provided the value
of ¢o is not in the triple solution region.
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IEndothermic reactions can be characterized
adequately by the single y8, parameter.

Thus for all endothermic reactions and
for exothermic reactions with volume expan-
sion, the vo8c parameter can be used for
interpolating or extrapolating the present
numerical results. This method will be
hazardous for values of ¢, in the triple
solution region and for exothermic volume-
contraction reactions, and is not recom-
mended under these conditions.

TABLE 1
Test oF UNIQUE DEPENDENCE OF EFFECTIVENESS
Facror oN THE PRODUCT 7B

7 7
Be Yo at @p =1 at ¢ = 10
yoBo = 2.0 9= —0.5
0.2 10 1.1 0.55
0.1 20 1.1 0.58
voBo = 6.0 = —0.5
0.6 10 6.0 1.4
0.2 30 19.0 2.6
oo = 12 6= —0.5
0.6 20 97 10.5
0.4 30 190 19.2
Yoo = 6 6= 1.0
0.6 10 1.3 0.43
0.2 30 1.6 0.50
yoBo = 12 = 1.0
0.6 20 8.8 1.2
0.4 30 11.2 1.4
YoBo = —6.0 9 =~-—0.5
—0.6 10 0.77 0.145
—0.2 30 0.76 0.150

An example of using this method to predict
effectiveness factors for conditions not ex-
plicitly covered by the present numerical
work will be instructive, Find the effective-
ness of a catalyst particle under the following
conditions; 8 = 3, vo = 40, Bo = 0.1, ¢y =
2. From Fig. 4 (¢ = 3, vo = 20) we can look
up the effectiveness factor at v¢8; = 4 from
the B0 = 0.2 curve (since vy8) = 4). The
value of ¢y = 2 is outside the range of possi-
ble triple solutions (i.e., ¢o > 1.2) so the
approximation is valid.

ErrFEcT OF PaRTICLE GREOMETRY

The Aris (14) approximation is essentially
a shifting of the diffusional-kinetic modulus
to give a common curve for all geometries
with constant-volume, isothermal reactions.
It was shown previously (77) that such an
approximation was also valid for volume-
change reactions. The approximation im-
proves as o becomes greater, since the
reaction tends to occur only near the surface
of the particle and thus assumes the shape
of flat plate geometry. The “shifted” value
of ¢o to use with the spherical geometry
results of this report is as follows:

¢'o = BV,/8:)(k/D)"? (18)

where V, is the particle volume and 8, is
its external surface area.

Thus, to use the results of Figs. 4-12 for
other geometries, the following relationships
are necessary:

¢’o = 3¢, for Flat Plates
¢’o = 2¢, for Cylinders
¢'o = @y for Spheres

Figure 14 shows a typical numerical solu-
tion for flat plate geometry (Eq. 13) which
may be used to test the Aris approximation
for nonisothermal volume-change reactions.
Table 2 shows that the approximation is
very good for exothermic reactions when
the value of the diffusional-kinetic modulus
is outside the triple solution region. For
endothermic reactions the approximation is
quite good over the entire range of the dif-
fusional-kinetic modulus.

CONCLUSIONS

It has been shown that volume change has
a profound effect on catalyst effectiveness
for exothermic reactions. For the same
diffusional-kinetic (Thiele) modulus, volume
contraction gives large increases In the
effectiveness factor of exothermic reac-
tions, whereas volume expansion gives large
decreases.

For endothermic reactions the analysis
revealed that volume change has much less
effect than on exothermic reactions. The
self-quenching effect of endothermic reac-
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TABLE 2
TEST oF ARIS APPROXIMATION

7 estimated 1 calculated
@5 @ from Fig. 7 for Flat Plates
Yo = 20
Exothermic Reactions — Flat Plates
6 =-—0.5 g =0.4
0.1 0.3 1.03 1.01
0.3 0.9 34.0 (Triple Soln.)
0.6 1.8 19.1 21.5
1.0 3.0 12.1 13.0
3.0 9.0 4.3 4.4
6.0 18.0 2.2 2.2
10.0 30.0 1.3 1.3
30.0 90.0 0.44 0.44
Endothermic Reactions — Flat Plates
g =—0.5 g =—-0.4

0.1 0.3 0.94 0.98
0.3 0.9 0.75 0.81
0.6 1.8 0.52 0.59
1.0 3.0 0.37 0.41
3.0 9.0 0.14 0.15
6.0 18.0 0.075 0.076
10.0 30.0 0.046 0.046
30.0 90.0 0.016 0.016

tions is the main reason for this small effect.

For exothermic reactions with accompany-
ing volume contraction, the region of multi-
ple solutions observed by Weisz and Hicks
(10), will oceur at much smaller values of
the heat release to heat transport modulus.
Thus for certain gaseous catalytic reactions,
with high attendant exothermic heat of
reaction and volume contraction, the effec-
tiveness of porous pellets may be much
greater than predicted from intrinsic rate
data or from constant-volume effectiveness
factor plots. Consideration of the volume-
change effects reveals that multiple solutions
tend to disappear or become more pro-
nounced, depending on the degree of volume
change.

A technique is presented for extrapolating
or interpolating the present results for
conditions not given explicitly by the numer-
ical solutions. It is shown that the present
nonisothermal volume-change results may
be extended to any particle shape, provided
the region of triple solutions is avoided.

In summary, when a given exothermic
reaction leads to significant volume expan-
sion or contraction, the average reaction
rate in a catalyst particle may differ greatly
from that predicted by constant-volume
theory.
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AppPENDIX ]

Case 1
B = Bog1?
B 3;30 140 |
€= [1 T T ey}

dy [o + (60/2$“3’2)] ( ~y) L2
dr? 1+ 6y dr rdr

_ ey + 8y) exp [vo(f — 1/S]

- g-s/z
Case 2

g = )30
180 + 0

=14+ 1 —I— oy
dy [o + (60/25“)} (_y) L2y
dr? 1+ 6y dr r dr

_ eyl + 8y) exp [vo§ — 1)/]

§-3/2
Case 3
6 = )80?1/2
_ Bop 1+0 :
£= [1 Togh T 0y}

dy [e + (60/25“”2)] <g> L2

dr? 14+ 6y dr T dr

_ oy(1l + 8y) exp [vo(§ — 1)/¢]
§13/2

Case 4
B = Bof

14 6\*"*
£= <1+ey>
@_[04-(60/2)](_1/) L2y
dr? 14 6y dr rdr

_ oyl + 6y) exp [vol§ — 1)/{]
§-3/2
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